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Abstract
Let us consider n-point sets which can be obtained as the set intersection of a d-dimensional
ball and Zd . We prove that the number of such sets, different up to translations, is upper
bounded by O
(
nd
)
, if d is ﬁxed.
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1. Introduction
The problem of estimating the number of lattice points inside d-dimensional bodies
is intensively studied in the literature. Particularly, if Bd(r, 0) is the d-dimensional ball
having the radius r and the center at the origin, and if Vd is the volume of a unit
d-dimensional sphere, then the number of lattice points inside Bd(r, 0) can be estimated
by rd · Vd with an error term O
(
r
46
73 · (log r) 315146
)
, O (r21/16), O (r2 · (log r)2/3), and
O (rd−2) , for d = 2, 3, 4, and a ﬁxed d5, respectively. For more details we refer
to [2,3] (for d = 2 and 3) and [5] (for a very detailed overview). Just to mention that
Huxley’s estimate [2] is still valid even if planar discs are not centered at the origin.
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Fig. 1. Two non-isometric 24-point sets which are occupied by planar discs.
A situation when the dimension d is allowed to tend to inﬁnity is analyzed in [6].
Here, we study a “combinatorial version” of the problem in bounded dimensions.
Precisely, we consider the following question: In how many ways n integer points can
be occupied by d-dimensional balls? (see Fig. 1 for an illustration).
We will show that there are no more than O
(
nd
)
different (up to translations) n-point
sets which are of the form Bd ∩Zd , where Bd is a d-dimensional ball. Our enumerating
method is based on a one-to-one correspondence between considered n-point sets and
a suitably chosen set of their discrete moments [4].
Perhaps, it is worth to mention that the required estimation cannot be done simply
by enumerating d-dimensional balls (occupying n integer points) whose boundaries pass
through d + 1 (at least) integer points. Indeed, 8-point set
{(−1, 0), (−1, 1), (0,−1), (0, 0), (0, 1), (1,−1), (1, 0), (1, 1)}
= {(x, y) | (x − 0.1)2 + (y − 0.1)22.2} ∩ Z2
cannot be realized as B2 ∩ Z2 if the circle bounding a planar disc B2 passes three (or
more) integer points.
Throughout the manuscript we will use the following deﬁnitions and notations.
The set of integers is denoted by Z, while R means the set of real numbers.
For a discrete set X its cardinality will be denoted by #X.
A point (x1, . . . , xd) will be denoted by x, while dx means dx1 · . . . · dxd .
Vd is the volume of a unit d-dimensional sphere.
Bd(r, a) denotes the d-dimensional ball having the radius r and the center a.
A family Bd(n) of n-point sets is deﬁned as
Bd(n) = {B | B = Bd(r, a) ∩ Zd and #B = n}.
Note: Obviously, for any B ∈ Bd(n) there are inﬁnitely many different discs Bd(r, a)
such that B = Bd(r, a) ∩ Zd .
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Geometric, ﬁrst order, moments of a set X ⊂ Rd are
mxi (X) =
∫
...
∫
X
xi · dx for i = 1, . . . , d.
For a discrete point set X its (ﬁrst order) discrete moments are
xi (X) =
∑
(x1,...,xd )∈X
xi for i = 1, . . . , d.
2. Characterization of the sets from Bd(n)
An efﬁcient characterization of the sets from Bd(n) is established by the next lemma
which shows that the correspondence
B −→
∑
x∈B
x
is one-to-one while B ∈ Bd(n).
Lemma 1. If B1,B2 ∈ Bd(n) then
xi (B1) = xi (B2) f or i = 1, . . . , d ⇒ B1 = B2.
Proof. Let B1,B2 ∈ Bd(n) be given. From the deﬁnition, there exists a ball Bd(r1, a) :
(x1−a1)2+· · ·+ (xd−ad)2− r210 such that B1 = Bd(r1, a)∩Zd and there is another
ball Bd(r2,b) : (x1 − b1)2 + · · · + (xd − bd)2 − r220 such that B2 = Bd(r2,b) ∩ Zd .
We will prove that xi (B1) = xi (B2), for i = 1, . . . , d and B1 = B2 lead to a
contradiction.
Trivially, the set-differences B1\B2 and B2\B1 are non-empty and belong to
different half-spaces determined by the hyperplane:
(
(x1 − a1)2 + · · · + (xd − ad)2 − r21
)
−
(
(x1 − b1)2 + · · · + (xd − bd)2 − r22
)
= 0.
If set ci = 2bi − 2ai, 1 id, and h = r22 − r21 +
∑d
i=1(a
2
i − b2i ), we have the
previous hyperplane in a simpler form
c1 · x1 + · · · + cd · xd + h = 0.
J. Žunic´ / Journal of Number Theory 110 (2005) 396–402 399
For instance, let us assume
c1 · x1 + · · · + cd · xd + h
{
> 0 for x ∈ B1\B2,
< 0 for x ∈ B2\B1. (1)
Finally, if (1) and assuming xi (B1) = xi (B2) for i = 1, . . . , d but B1 = B2, we
derive
0 <
(
c1 · x1(B1\B2)+ · · · + cd · xd (B1\B2)+ h · #(B1\B2)
)
− (c1 · x1(B2\B1)+ · · · + cd · xd (B2\B1)+ h · #(B2\B1))
= (c1 · x1(B1)− c1 · x1(B1 ∩ B2))+ · · · + (cd · xd (B1)− cd · xd (B1 ∩ B2))
− (c1 · x1(B2)− c1 · x1(B2 ∩ B1))− · · · − (cd · xd (B2)− cd · xd (B2 ∩ B1))
= 0.
The obtained contradiction 0 < 0 implies that B1 and B2 must be equal. 
3. Main result
By using the result from the previous section we derive an upper bound for the
number of sets from Bd(n) which are different up to translations. We proceed with an
auxiliary lemma.
Lemma 2. Let a point a = (a1, . . . , ad) such that a1r > 0, . . . , adr > 0 and let
#(Bd(r, a) ∩ Zd) = n. Then
xi (Bd(r, a) ∩ Zd) = ai · n + O
(
ai · nd−1d
)
for i = 1, . . . , d.
Proof. Fix i, 1 id . The moment mxi (Bd(r, a)) is easy to compute:
mxi (Bd(r, a)) =
∫
· · ·
∫
x∈Bd(r,a)
ai · dx +
∫
· · ·
∫
x∈Bd(r,a)
(xi − ai) · dx
= ai ·
∫
· · ·
∫
x∈Bd(r,a)
dx = ai · Vd · rd .
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Since a1r > 0, . . . , adr > 0 is assumed, then the discrete moment xi (Bd(r, a) ∩
Zd) equals the number of integer points inside the (d + 1)-dimensional body
Mi(r, a) = {(x1, . . . , xd+1) | (x1, . . . , xd) ∈ Bd(r, a) and 0xd+1 < xi}.
Now, we recall Davenport’s result [1] which applied to a convex set S ⊂ Rm says
∣∣∣V olume_of _S − #(S ∩ Zd)∣∣∣  m−1∑
k=0
Pk(S),
where Pk(S) is the sum of the k-dimensional volumes of the projection of S on the
various coordinate spaces obtained by equating any m − k coordinates to zero and
P0(S) = 1 by convention.
Specifying S = Mi(r, a), m = d + 1, and taking into account mxi (Bd(r, a)) =
V olume_of _Mi(r, a), and xi (Bd(r, a)∩Zd) = #
(
Mi(r, a) ∩ Zd+1
)
, and the estimates
Pk(Mi(r, a)) = O(ai · rd−1), (0kd), by Davenport’s result we obtain
|xi (Bd(r, a) ∩ Zd)−mxi (Bd(r, a))| = O
(
ai · rd−1
)
.
Consequently,
xi (Bd(r, a) ∩ Zd) = ai · Vd · rd +O
(
ai · rd−1
)
. (2)
Also, Davenport’s result gives
#(Bd(r, a) ∩ Zd) = Vd · rd +O
(
rd−1
)
. (3)
Since #(Bd(r, a) ∩ Zd) = n is assumed, estimate (3) implies r = O
(
n
1
d
)
.
Also, multiplying (3) by ai we have
ai · Vd · rd = ai · n+O(ai · rd−1).
To complete the proof, it is enough to insert the last estimate into (2) and use r =
O
(
n
1
d
)
. 
Now, we can derive the main result of the manuscript.
Theorem 3. Fix d. Then, the number of sets from Bd(n) which are pairwise different
up to a translation is upper bounded by
O
(
nd
)
.
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Proof. Since Bd(r, a) ∩ Zd and Bd(r, a + m) ∩ Zd are isometric if m ∈ Zd for our
purpose it is enough to enumerate n-point sets of the form Bd(r, a+ ) ∩ Zd where a
is ﬁxed, while  = (1, . . . , d) varies throughout [0, 1)× · · · × [0, 1).
Set (as a possibility)
a =
(
2
d
√
Vd
· d√n, . . . , 2
d
√
Vd
· d√n
)
.
Easily, any ball Bd(r, a+) which intersects at least one coordinate axis has the volume
bigger than 2d · n. It would imply # (Bd(r, a + ) ∩ Zd) > n if n is big enough.
Thus, #
(
Bd(r, a + ) ∩ Zd
) = n and a big enough n preserve that there is no any
intersection between Bd(r, a+) and coordinate axes. In other words, the preconditions
of Lemma 2:
1 + 2d√Vd ·
d
√
nr > 0, . . . , d + 2d√Vd ·
d
√
nr > 0
hold. That leads to
xi (Bd(r, a + )) =
(
i + 2d√Vd ·
d
√
n
)
· n + O (n) , for 1 id. (4)
Finally, if B denotes the following subset of Bd(n):
B = {B | B = Bd(r, a + ) ∩ Zd and #B = n and  ∈ [0, 1)d}
then by using Lemma 1 and (4) we complete the proof easily:
#B = #{(x1(B), . . . ,xd (B)) | B ∈ B}

d∏
i=1
(1+max{xi (B) | B ∈ B} −min{xi (B) | B ∈ B})
= O
(
d∏
i=1
n
)
= O
(
nd
)
. 
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